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Abstract: A theory of multiplicative functions and Prym differentials for the case of special characters on compact Riemann surfaces
has found applications in geometrical function theory of complex variable, analytical number theory and in equations of
mathematical physics. Theory of functions on compact Riemann surfaces differs from the theory of functions on finite Riemann
surfaces even for the class of single meromorphic functions and Abelian differentials. In this article we continue the construction of
the general function theory on finite Riemann surfaces for multiplicative meromorphic functions and differentials. We have proved
analogues of the theorem on the full sum of residues for Prym differentials of every integral order and P. Appell's formula on

expansion of the multiplicative function with poles of arbitrary multiplicity in the sum of elementary Prym integrals.
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INTRODUCTION

Theory of multiplicative functions and Prym
differentials for the case of special characters on
compact Riemann surface has found applications in
geometrical function theory of complex variable,
analytical number theory and in equations of
mathematical physics [1-7]. In [2, 4] the construction
of the general theory of multiplicative functions and
Prym differentials on compact Riemann surface for
arbitrary characters was started. Theory of functions on
compact Riemann surfaces differs from the theory of
functions on finite Riemann surfaces even for the class
of single meromorphic functions and Abelian
differentials. A series of general spaces of functions
and differentials on finite Riemann surface F'of genus
(9,n),g=1,n>0 will be infinite-dimensional.

In this article we continue the construction of the
general function theory on finite Riemann surfaces for
multiplicative meromorphic functions and
differentials. Analogues of the theorem on the full
sum of residues for Prym differentials of every
integral order and P. Appell's formula on expansion of
the multiplicative function with poles of arbitrary
multiplicity in the sum of elementary Prym integrals
have been proved.

MATERIALS AND METHODS
1. Preliminaries
Let F' be a fixed smooth compact oriented surface of

genus g>2 with {ak,bk}g

4+ and Fy be a compact

Riemann surface with fixed complex analytic structure
on F. Let us fix different points B,...,P, € F. Let

F'=F\{R,..,P} be a surface of type
(g.n),n=1,g>2. Any other structure on F is given
by some Bertrami differential p on F, ie. by the

expression of the form u(z)%, which is invariant
zZ

relative to the choice of the local parameter on F,,
where p(z) is complex-valued function on F, and
|u|, , <1. This structure on F we will denote by F,.

It is uniformized by quasi-Fuchsian group F'H.

In the work of L. Bers [3] Abelian differentials
G [ul,...C,[n] on F,, which form a canonical basis

dual to the canonical homotopy basis {a},b}'}  on

4

k=1
F 4 have been constructed and also it holomorphically
depends on points [u] of the Teichmuller space T,.
Moreover, the matrix of b— periods
Q) =(n, [u])%,, on F, consists of complex
numbers (m [u]) = .[:E(i)cj ([u],w)dw,é e w(U), and

holomorphically depends on [p] .
For any fixed [u]e7, and &, ew"(U) let us

define a classical Jacobi mapping ¢:w"(U) — C*®
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according to the rule cpj(§)=jz' ¢, (n], wydw,

j=L..g.

A quotient space J(F)=C*®/L(F) is called
marked Jacobi manifold for F = F;, where L(F) is
a lattice above Z, generated by columns
e, 7, 1 of the matrix (7,,Q) [6, 7].

Any homomorphism p:(m(F,),.) > (C",.),C" =
=C\{0} is called the character p for F, . Further we
will assume that p(y% ) =1, where v! is a simple loop
that avoid puncture P, on Fu‘,j =1..,n

Definition 1.1. Meromorphic function f on
w"(U) is called a multiplicative function 7 on
F, for the character p if f(Tz)=p(T)f(2),
zew"(U),T el"'u.

Definition 1.2. Differential w(z)dz? is called
g —Prym differential in relation to Fuchsian group 1"'H
for p, or (p,g) - differential, if o(72)(T'z)! =
=p(Nw(z), zeU, Tel'p:I''>C

If f, is a multiplicative function on F, for p
without zeros or poles, then p characters for such
functions we shall call inessential and f, we shall call
a unit. Characters that are not inessential we shall call
essential on =, (F*). A set L, of inessential characters

forms a subgroup in the group Hom(T',C") of all

characters on T.
Theorem (of Abel for characters) [2, 4]. Let

D=R"..B"*,P eF, n eZ j=1..k be a divisor
on a marked variable compact Riemann surface
[F,.af,...al,bf,....b}] of genus g>1,and let p be a
character on =, (F,). Then D will be a divisor of the
function f on F  for p<«< degD=0 and

u

#(D) = 3% logp()e'[u]  ~logp(a})x[u] =

j=1
=y(p,[u]), where o[u]:F, - J(F,) is a Jacobi
mapping.

Class M, (p) consists of Prym differentials for p
on F, which have a finite number of poles on F, and
allow meromorphic continuation on F, .

In [6, 7] it was proved that for any essential
character p, points O, € F,, of natural number ¢ >1

and inessential character p, points Q, € F,, of natural
number ¢ >1 exists elementary (p,q)— differential

T of third kind with a single simple pole O,[u] on

P.q:0
F, . For any inessential character p, points Q, € F,

Bl

when ¢ =1, elementary (p,1)- differential < .,

doesn’t exist. There it was also proved that on a
variable surface F, of kind g>2 for any natural

number ¢ >1 exists elementary (p,q)— differential

T,40.0, Of third kind with simple poles 0,0, € F,,

(m)
and Tmm&

= (im+ 0O)dz? of second genus with the
z

pole O,[u] of order m > 2. These differentials locally
holomorphically depend on [p] and p.

2. An analogue of the residue theorem for Prym
differentials on finite Riemann surface

Residues for Prym differentials can be defined only
for the branches of these multivalued differentials.
Let ~t-bea(p,gq)— differential such that

1 .
()z—, s2La; 200, eN,j=1..,s, with

o 0
pairwise distinct points Q,,...,0, on F".

Analytic continuation t (hereinafter referred to
with this symbol) with F' on F, meets conditions
- r
0 ..0" B* ..

Let us introduce the following notations:
1) if p is inessential character, then let us choose

(x) 2  k; 20k, eN,j=1..,n

multiplicative uniton F for p™*, where

f = exp[—j; Zillog p(a,)g;],
0,#0,,...0,,B,...P;

2) if p is an essential character, then there exists a

1

single function f, on F for p~ with a single simple

R

pole B [6]. Such function f, has a divisor o where
1

¢ (R)=09 (B)-w(p) in Jacobi manifold
J(F),y(p) #0. This function may be presented in a
form of

AP =expl[ (5~ 3" logp(a,)C ),

Oy # 0 O, By P, [4].

Let us show uniqueness of such function. If there is
a point R, such that the equality

o (R)=0(R)-v(p)=9 (R,) is true, then
R

0 (R—):O. According to classical Abel’s theorem
2

there is a single-valued function % with the divisor

R

(h):R— that has a single simple pole on compact
2

Riemann surface of a positive genus. A contradiction.
Without loss of generality we can find Abelian
holomorphic ~ 1-differential o, such  that

(0)N{0,,...0,,B,...B,} =& on F, because
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divisors of Abelian holomorphic differentials don’t
have base points on F [4]. Let us choose any Abelian
differential o, with the divisor (w,)=S5,,...,S,, , On
F, so that there were as few points as possible in its

divisor. We have an equality ¢, (S,...S,, ,)=-2K in

Jacobi manifold J(F), where K is a vector of

Riemann constant for a marked compact Riemann
surface F with the base point £, [4]. This equality is

equivalent to another equality in the form

s, L(8..8,)=-2K - s, L (S £, where
R =S,,=..=5,,_, Thisimplies Abelian differential
o, with divisor in the form (a,) = S,...5, 527

Th

Let us make Abelian 1-differentials f“ and ==
0 Wy

on F, where f; and f, have character p™ on F and

differential t is analytically continued from F' on F.
By the theorem on a complete sum of residues for

Abelian 1-differentials

-,j=0,1, on F we obtain
q

0
the following analogue of the theorem on a complete

sum of residues for (p, q) — differentials.

Theorem 2.1.

1) For any (p,q)— differential © of the class M, on
Riemann surface F of type (g,n),g>2,n>1 with
any polar divisor (t), =Q™...0%, of any integer ¢
and unit £, for inessential character p™ on F the
following equality is true:

s f;] g+l
DI
Z‘ re SQJ q -1 S; ¢1 1

n
Y s, oz
P pr=: 0;

0

2) For any (p,q)— differential t of the class M,
on Riemann surface F of type (g,n),g>2,n>1,
with any polar divisor (1), = Q™..0%, of any integer
g and single, accurate to multiplication by a nonzero
constant, function f  for essential character

p_l,(fl)Z% on F the following equality is true:
1

s fi g+l Tfi
r T
z j=1 eSQ/ q PvEY S

n
+ Z res o =0.
AT et

0
In both cases w, is an Abelian holomorphic
differential with a divisor

zj‘:lujh(Qj) - zkmﬂ}“kh(R )=

(1)

_ (- “p, S\ 2y e
Z,l ) (L)—= +(f) (L, )( ) 7

(P,
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(@) = 88,857 05, (S,..8,) =—2K

g+l

in Jacobi manifold J(F) and

{81800 8,1} {01 O, By P} =D ON F.
Remark 2.1. Note that in the preceding theorem
when ¢ <0 there is no second sum in the assertion of

the theorem.
Remark 2.2. P. Appell considered the residue
theorem only when ¢=0 on compact Riemann

surface of kind g >1.

Let us find some corollaries of the residue theorem
and reciprocity laws for multiplicative functions on
finite Riemann surface. First we find corollary for 1-
differential o with any character p, in a special case,
when o =df, where f isa multiplicative function on
F' of the M, class.

Let R,..,R, be zeros of f with multiplicity
Aok, and let Q,,..,0, be poles for f with
multiplicity p,,...,u, when the function f is
continued analytically from F' to F. Let us also
consider single-valued function 2 on F with poles
L,..,L, of multiplicity p,,..., p, accordingly where

points L, are not included in the support of the divisor

sup p(f). Let us note that d7f will be an Abelian
differential with simple poles R,,...,R,, Q,,...Q, and
residues A,...,A,, —H,...,—H, in them accordingly.

Then, because of uniqueness of the expression under
integral and by the residue theorem for Abelian
1-differentials, we obtain that:

1 ¢ df
0=— h A h(R,)—
2 | =D Mh(R)

1)
_ Zj:lukh(Qj) + Zf_lresL’h%,

where A is a connected fundamental domain for group
I indomain U [3, 5].

From (1) we will obtain formulas that are connected
with a special choice of a function # on F:

1) Let / be an analytical function on F, and 4 be

a constant. Then > " &, =) ", is a classical fact
that deg(f)=0 on F [4];
2) If h has multiple poles in points L, i.e.

(1) (i)
o 4

= : +..+
(z—z(L))" z—z(L,)

then we obtain the equality

+O),i =1,...1,

c¥
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Remark 2.3. These two equalities are some
reciprocity laws that connect zeros and poles for the
multiplicative function f of the class M, on F' with
poles of single-valued meromorphic functions
hon F.

3. An analogue of Appell’s formula for a
multiplicative function expansion on a variable finite
Riemann surface.

Let us denote through 7%(z)=—[1%, an

elementary Prym integral of the second kind on FH for
essential character p with a single simple pole in Q
and residue +1 in QO which holomorphically depends
on [u] and p, where 1%, has a zero residue in the
point Q.

Let f be a function on F, of the class M, for
essential character p  with  ssimple poles
PP, P, . and residues ¢, ,,..,c,, in them

accordingly for one of its branches. Let us take
analytical continuation of this function (and denote it

with the same symbol) f with F, on F, . Let us
consider the expression

(1) (@) gls (7

where ¢ eC,j=1..g-1 and (,..C,, are the

basis of Prym differentials of the first kind for essential
character p on F,, that holomorphically depends on

[u] and p [2]. Then £, is a meromorphic single-

valued branch of the Prym integral with essential
character p on fundamental polygon A with divisor

1 .
(fi) —Pk, kj 20,]=1,...,I’l, on Fp.

Among other things, Prym integral f; for p has a
branch whose principal parts of Laurent series match

with principal parts of Laurent series in points
P,j=L..n, for f and zeros a, are periods,

m=1..,g-1 on F, [2] Therefore

fzz j=1 "+/]:v(1f)’ +Zi:5/,‘-&j+f1-

> 2 order, then in the

n+l? n+1 =

If P

n+l

is a pole of &

preceding formula a summand c,,, 7"} ~ should be

replaced with the sum of the form
T(l)

@ 3Bt
An+1,1 T;:y;[fﬁl + An+1,2 a +

n+l
An+1,k”+1 ak 171]’;)(11)’ "
2 aPnZJrl (k,1+1 -t 6Pn+f_1
where 4, ., are coefficients in the principal part of
Laurent series for some branch of the function f in
the point P.,j=1..k ,(P.,). Indeed, in the

neighborhood of the pomt we have expansion

A .. 0TY
+

n+1,3 PP

n+k

];(;11;’% = Tlp)) + 0(1) ( (1) )IaA

1
( —

@ ym) _
(YL;EH»/‘ )‘lk - (Z_

7 +0WM),2(F,) =

m'

ak )m+l

+0(1) 1<m<kn+k( +k) 1

where k., (P,,,) is an order of a pole in the point P,
for /,k=1,....s.

It follows that

Theorem 3.1. Let f be a branch of the function of

the class M, for essential character p on a variable
Riemann surface F, of type (g,n),g>2,n>0, with

pairwise different poles in P .., P, of the
multiplicities %,,,,...,k,,, with given principal parts in

them.
Then for the analytical continuation f it is true

that

on F, and
6m -1 (1)

f Znﬂzm 1[ ”:IL)| Pmplp :|+Zj_i5.fj.1;oz-’/’

where

A/k A/Z A/l
T -zP)Y B =B
or some branch in the neighborhood P, j=1..,n+s

on F,, and all summands holomorphically depend on

[u]and p.
Now let p be an inessential character. The proof of

the preceding expansion formula for essential character
is not applicable because in this case Prym integral of
the second kind with a single simple pole on F,

doesn’t exist. That is Prym differential of the second
kind for inessential character p has to have at least two

second-order poles in different arbitrary points O, and
g,on A, and with zero residues in O, and Q,. In this

+0Q)f

- P
case Prym integrals 7., :—IQO T,.00 Of the second

kind with two simple poles O, and Q, should be used
as prime elements of expansion.
Let wus consider another Prym differential

T 00, =foTQ1Q2 of the third kind on F, where f, isa

unit for p on F, and Yoo is a normalized Abelian
12

differential with simple poles O, and @, on F,, and

residues +1 and -1 in these points accordingly, which
holomorphically depend on [u] and p. It has been

known that o0, :dnglgz and Abelian differential

I, , is expressed through the Riemann theta function

for the surface F, . In such case it is equal to the sum
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of two functions, one of which only depends on
0,, and another only depends on Q, [2, p. 117]. Thus a

—2% doesn’t depend on Q, .
1

..ol
derivative

Prym  differential <),  has  expansion
1 ®
( 2 _+0(@)dz in the neighborhood of
(Z_Zl) (Z z)
the point 0,,2(0) =z, where

= Z;'OQ p(a;)0,(Q,) [6].
Prym differential t!?) also has expansion

p;i0s

1 c?
( < +0(@))dz in the neighborhood of
(z-2,)° ( —1z,)

the point

0,,2(0,) =z,, where
D=3 logp(a,)e;(Q,)-

A differential with two poles of the second order
and zero residues in these points can be set in the
following way

o020 (Z)fo(Ql)T(Z) _C(l)fo(Qz)T(Z) -

©.@
€1 00,

Let us denote that the principal part for 7 ,, in

WAC

zZ—2Z

the point O, takes the form o and in the point

O, takes the form of M It follows that the

z-2z,

constructed differential has two poles of the

P00}
second order in O, and Q,, and two residues in this
points. In the neighborhood of the point O, its

principal part takes the form of

@

@ €1 q_
fugn(_ SE—-
0 10 _ <D1(0).
e T e

that is similar in the point O,
@

Y ¢

£/, (_ N
0.0 (D) _ (l)fo(Qz)
e z—1z, (Z z,)?

It is clear that a constructed differential
T oto? holomorphically depends on [u] and p.

From all has been said it follows that derivative

oT,.
% doesn’t depend on Q,.

1
Theorem 3.2. Let f be a branch of the function of

the class M, with inessential character p and pairwise

44

different poles P P, of the multiplicity

n+117 T s
k k,. . with set principal parts in them on a

n+L1 0 s
variable ~ Riemann  surface FM of  type
(g,n),g >2,n>0. Then for the analytical continution

foon F_itis true that

(f)> +‘,k,ZO,jzl,...,n—i-s,
1 n+s

and

UG ES M WATRD s

- dmfo (P )
m—1

N Zh 4, 9" Tinn, N
"2 (m-1)1 oB"
k.1

an:P,Pl @asz;aa A./\k, o’ Tp:P1’1

n+s A - 1 C
+Z/=z[ ji2 op 21 op’ + +(kj—1)! an/(,A I+
where

—A’ L 42 A o)

(z— Z(P)) (Z Z(P)) z—z(P)

for some branch in the neighborhood P, j =1,...,n+s,
on F, C=0 when p>1,

d, = i:llog p(am)(p;n(f;c),k=l,...,n+s

on £, and all summands holomorphically depend on

n?

[n] and p.

Proof. It suffices to verify a coincidence of
principal parts on the left and right in this formula. For
the neighborhood of the point £.,r=1..,n+s, on A,

we have expansion in Laurent series

Zm+\ l(d"ﬂf;)(P) d f(‘]( n+s)) Arl —
r=t zZ— Pr _Pn+v dn+.v.f£) (PI)
A

=" 4 . r=1..n+s-1

:-P

For the neighborhood of the point P,  we have
expansion

Zn+s—1 df;)( ,1+S) Arl —
r=t zZ—= RH? d:z+vﬁ(P)

1 n+s)zn+x—l dlArl _ Al1+sl
=P, = fo(P) " z-P,,

n+s n s

because

Znﬂ' _Arldr fi)( n+\) Z’”"_l d)Arl —

S AB) T d,, AR
according to the formula on full sum of residues for
Abelian differentials %d(zjl|ogp(aj)(p,) of third
kind on F,, which in the point P, has residue

Aqd,;

fo(P)
Remark 3.1. P. Appell [2] has proven the theorem
3.2 for compact Riemann surface and simple poles.

—~£ L j=1,..,n+s. The theorem is proved.



Every simple element (summand) depended on
additional g -1 poles. In our work the theorem has

been proved for a variable finite Riemann surface F“'

of genus (g,n),g>1n>0, and poles of any

multiplicity. Moreover, every summand in our work
has either one or two poles. Also when p=1, n=0 we
obtain a classical fact about expansion of single-valued
meromorphic function in sum of Abelian integrals on a
compact Riemann surface.

CONCLUSION

Analogues of the residue theorem for Prym
differentials of any entire order on variable finite
Riemann surfaces are obtained for the first time. Thus
three reciprocity laws have been proved. Analogues of
P.Appell’s expansion formula for functions with any
characters on variable finite Riemann surfaces have
been proved. In this case simple elements (summands)
only have one or two poles.
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